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Abstract 
Smoothed Particle Hydrodynamics (SPH) is a Lagrangian meshless particle method. It was originally developed to simulate 
astrodynamics but has been extended to model dynamics problems with violent motions in many areas. This paper is based on 
ISPH and its pressure time history is transformed into another equation based on a Rankine source solution. In the new 
formulation of ISPH, the governing equation for pressure does not include any derivatives of unknown functions and so 
overcomes the problems associated with direct numerical approximation to second derivatives in existing ISPH formulation, and 
some important numerical handling techniques will also be included, like free surface particle identification method and solid 
boundary discrete scheme. The newly improved method will be applied to model various wave and wave impact interaction with 
different angle slopes, and the results of comparison with experimental data are also given. According to the comparison of 
pressure time history, this new method can get a good agreement with experimental results. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
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1. Introduction 
Wave impact problems are very common in marine and ocean engineering, which can help us to know more 
characters and behaviors of these complex phenomena and it can also helps us to improve the design of practical 
cases. The high-speed wave impact between a body and water is an important practical problem, whether due to 
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wave impact on a dam, deck or due to a moving body such as ship or platform. As the free surface becomes very 
complex and the pressure exerted are difficult to predict. In this paper, a new SPH model is undertaken to investigate 
the wave impact with violent free surface. 
There are largely two different formulations in literature for Smoothed Particle Hydrodynamics (SPH). The first 
one is weakly compressible SPH (WCSPH)[1], in which water is considered as slightly compressible and its pressure 
is related to its density through an equation of state with artificially specified sound speed. The second formulation is 
incompressible SPH (ISPH)[2], in which water is considered as incompressible and having constant density with 
pressure found by solving a boundary value problem about it. The ISPH has also been widely applied in the field of 
water wave dynamics. However, the second order derivatives of pressure needs need to be approximated when 
discretizing the Poisson equation. In all publications found so far in literature about ISPH, the second derivatives are 
directly approximated using a scheme similar to that for finite difference method. No matter what scheme to be used, 
direct numerical approximation to second derivatives always has a difficulty with accurately modeling unknown 
functions, in particular when particles are randomly distributed. Distribution of particles always becomes random 
when modeling violent waves even they are regularly distributed at the start of simulation. Therefore, it is obviously 
advantageous to eliminate use of direct numerical approximation to second derivatives when solving the pressure 
Poisson equation in ISPH formulation.  
The distinction of this paper, compared with other papers on ISPH lies in that the pressure Poisson equation is 
first transformed into another equation based on a Rankine source solution using the same idea as what is employed 
in Meshless Local Petrov-Galerkin Method based on Rankine Source Solution (MLPG_R)[3]. In the new 
formulation of ISPH, the governing equation for pressure does not include any derivatives of unknown functions and 
so overcomes the problems associated with direct numerical approximation to second derivatives in existing ISPH 
formulation. This new formulated ISPH is named as ISPH_R in this paper.  
In this paper, the details of improved SPH method based the Rankine source decrease order technique will be 
introduced, and some important numerical handling techniques will also be included, like free surface particle 
identification method and solid boundary discrete scheme. The newly improve method will be applied to modeling 
various wave and wave impact interaction with different angle slopes, and the results of comparison with 
experimental results are also given. More smoothed pressure time history will be obtained based on this new SPH 
method. At last the features of water wave impact load will be concluded with different factors, such as different 
slope angles. Although these results are based on 2D case, this method can be extended easily to 3D cases. 
 
2. Improved SPH method 
The main difference between the existing ISPH method and the new method named as ISPH_R method lies in the 
approach to discretization of the pressure Poisson equation defined. The principle idea of the new approach comes 
from another meshless method called as the Meshless Local Petrov-Galerkin Method based on Rankine Source 
Solution (MLPG_R) [4][5], that is, reformulating Poisson equation into another form which does not include any 
derivative of unknown function. For this purpose, it is integrated over a small sub-domain I:  surrounding a 
particles after multiplied by Rankine source solution M , reads 
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I:  except for the center and 0 M , on I:w , which is boundary of I: and IR is its radius. The 
radius is usually smaller than the distance between two particles. After some mathematical manipulations, Eq.(1) 
becomes the following form 
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More details of mathematical manipulations can be found in Ma and Zhou [5]. It has been noted by the cited paper 
that the increment of the density ( *UU  ) assumed to a constant within the sub-domain and so equal to its value at 
Particle i  when Eq. (3) is derived. This may not cause unacceptable error not only because the density should not 
change much due to the change in the intermediate position of the particle as pointed above but also because the 
small error caused due to the assumption is further reduced by multiplying the coefficient J  that is normally chosen 
in a range of 0~0.3, taken as 0.1 in this paper.  
2.4.1. Solitary boundary conditions 
On solid boundaries, the following conditions (e.g. Ma and Zhou [5]) should be satisfied 
nUnu            unUngnn 2  QU p                                                                                                             (4) 
where n  is the unit normal vector of the solid boundaries, g is the vector of gravitational acceleration, U and U are 
the velocity and acceleration of the solid boundaries, respectively. It is noted that the traditional SPH does not need 
the condition in Eq. (4) as it does not need to solve the boundary value problem for pressure. In ISPH method, the 
condition in Eq. (4) is necessary. It is obvious that one must compute the term u2  when applying this condition in 
Eq. (4), which needs to estimate the second order derivative at the rigid boundary.  To avoid the computation of the 
second order derivative if possible, Ma and Zhou [5] gave an alternative one as follows: 
 )( * Uunn '  tp
U
                                                                                                                                                   (5) 
This one is used in this paper. 
The condition on free surface is very simple, which is stated that the pressure of water on the its free surface is 
equal to the atmospheric pressure which can be taken as zero, i.e., 0p  . In the traditional SPH method, this 
condition is automatically satisfied as long as the density on the free surface is estimated correctly. However, in the 
ISPH method, this condition has to be imposed when solving the boundary value problem. In order to impose this 
condition, one needs to know which particles are on the free surface. At each time step, particles are checked in the 
following sequence:  
(a)  No inner particle in the influence domain except for i  
(b) 0.90iD d  and _ ( ) 1fsp a i   
(c) 0.90iD ! , _ ( ) 1fsp a i   and _ ( ) 0fsp b i   
(d) 0.90iD ! , _ ( ) 1fsp a i   and _ ( ) 0fsp c i   
(e) 0.90iD d , 2NumB d  and 2NumC d  
If any of expressions is true during checking, Particle i  is identified as a free surface particle. More details of free 
surface identification method can refer to Ref.[6]. 
3. Numerical tests 
3.1. Dam breaking 
In ocean engineering, wave impacting on marine structures, ship, platform, etc. often appears in rough sea 
conditions. Extremely large impulsive impact force and violent free surface flow arise during wave impact. A 
relatively simple model, dam-breaking, is commonly used to investigate the complicated wave impact phenomenon, 
which is the benchmark model for violent flow and wave impact simulation. L and H are the width and height of the 
dam in initial stage respectively. Firstly, it adopts ܮȀܪ ൌ ͳ, Fig.1 gives the water wave front and column height of 
dam breaking. The experiment data can refer to Matin [7]. In order to show more general cases, Fig.2 gives the 
results of snapshots of wave profiles and pressure distribution at different time for ܮȀܪ ൌ ʹ. Figure 3 give the 
pressure time history of one fixed point for different particle numbers, different time steps. At the comparison with 
experimental results are also given at last. According to the results, more particle number or smaller particle size can 
make the pressure time history more smooth and accuracy. The time stepping length is not very sensitive for time 
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pressure history, so general it can choose the bigger one. More details of the numerical model setting can refer to Ref. 
[8]. 
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Fig. 1. Water wave front comparison (a); water wave height comparison (b). 
 
 
Fig. 2. Snapshots of dam breaking flow at different time steps. 
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Fig. 3. Pressure time history comparisons of different particle numbers (left), different stepping length (middle), experimental results(right). 
3.2. Wave impact towards different angle slopes 
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Fig.4 Experiment snapshot of wave impact of angle=300 (left) and wave elevation comparison (right) 
In order to give the wave impact results, the model in above section can make some a little corrections. The 
damping zone on the right side can be substituted by a slope, and the slope angle D  can be changed to different 
values. In this section, the tank length l  =10.0m, the water depth dh =0.25m, there are a wave elevation gauges 
installed in the tank, which is fixed near the piston wave maker, the distance between the initial position and wave 
elevation gauge is 2.0 m. On the slope surface, there are some pressure sensors, but in this section only one pressure 
sensor, which is fixed on the slope surface and the water depth is 0.2m are considered. The solitary wave is 
generated by a piston-type wave maker according to the theory given by / [tanh ( ) tanh ]px h k kF W O  , where h  is the 
wave height, 3 / 4k h , ( ) [ ( ) ]pk c xF W W W O   , and the dimensionless celerity 1c h  . There also includes an 
experiment for the same wave impact model, which is carried out in Harbin Engineering University (HEU). Figure 4 
gives the snapshot of experimental model fixed and wave impact phenomena. Figure 4 also gives the comparison of 
the results of wave elevation comparison with experimental data. Fig.5 give the numerical results of wave impact 
with different slope angles, which can refer to 30o, 90o and 150o. It gives the wave profile and pressure distribution 
on different angle slopes. Pressure time history of different angles is also given. When the wave impact on small 
angle slopes(300 or 900), the pressure time history can get a good agreement with experimental results. But for the 
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large angle slopes (150o), the amplitude of maximum pressure time history is still very good, but some details of  
pressure time history is still needed to improved. 
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Fig.5 Pressure distribution of different slope angles and wave impact pressure comparison 
4. Conclusions 
This paper introduced a new incompressible SPH based on Rankin source solution (shorted as ISPH_R) to 
simulate 2D violent waves. The method adopts the Rankin solution to decrease the order of the derivatives in the 
Poisson equation defining the boundary value problem about pressure.  In the cases about dam-breaking and wave 
impact problems, the results of the ISPH_R method are in good agreement with available experimental data, it is 
expected to be hold for general cases because the feature of no derivatives in governing equation for pressure 
adopted in this paper is applied for all the cases.  This method can be extended to three dimensional cases but the 
relevant work will be presented in our future work.  
Acknowledgements 
This work is sponsored by The National Natural Science Funds of China (51009034, 51279041)ˈFoundational 
Research Funds for the central Universities (HEUCDZ1202ˈHEUCF120113) and Defense Pre Research Funds 
program (9140A14020712CB01158), to which the authors are most grateful. 
References 
[1] J.J. Monaghan, Simulation Free Surface Flows with SPH, J. Compu. Phys. 110 (1994) 399-406. 
[2] S.D. Shao, Y.M. Lo Edmond, Incompressible SPH method for simulating Newtonian and non-Newtonian flows with a free surface, Adv. 
Water Resour. 26 (2003) 787-800. 
[3] Q.W. Ma, Meshless Local Petrov-Galerkin Method for Two-dimensional Nonlinear Water Wave Problems. J. Comput. Phys. 205 (2005) 611-
625. 
[4] Q.W. Ma, MLPG Method Based on Rankine Source Solution for Simulating Nonlinear Water Waves, Computer Modeling in Engineering & 
Sciences 9 (2005) 193-210. 
[5] Q.W. Ma, J. Zhou, MLPG_R method for numerical simulation of 2D breaking waves, Computer Modeling in Engineering & Sciences 43 
(2009) 277-304.  
[6] X. Zheng, W.Y. Duan, Q.W. Ma, A new scheme for identifying free surface particles in improved SPH. China Science: Physics, Mechanics & 
Astronomy 55 (2012) 1454-1463. 
[7] J.C. Martin, W.J. Moyce, Part IV: An experimental study of the collapse of liquid columns on a rigid horizontal plane, TUansaction of the 
royal society of London, Series A, mathematical and physical sciences 244 (1952) 312-324. 
[8] X. Zheng, Q.W. Ma, W.Y. Duan, Incompressible SPH based on Rankine Source solution for violent flow simulation, Journal of 
Computational Physics, 276(2014) 291-341. 
x / m
y
/
0 2 4 6 8 10 120
1
x / m
y/
0 2 4 6 8 10 120
1
x / m
y
/
0 2 4 6 8 10 120
1
